A nontopological soliton solution of dilaton-Maxwell theory describes a domain wall-like solution which confines magnetic flux in its core [G.W. Gibbons and C.G. Wells, Class. Quant. Grav. 11, 2499Grav. 11, (1994]. Since the solution is not stabilized by a nontrivial topology of the vacuum manifold, it is interesting to see if the static solution is stable againt small fluctuations. We consider the stability of the solution in response to small fluctuations in the scalar and magnetic fields. It is determined that the ansatz solution does indeed exhibit stability.
INTRODUCTION: DILATON-MAXWELL THEORY
Topological solitons are stabilized by a nontrivial topology of the vacuum manifold of a scalar field, but nontopological solitons lacking a nontrivial topology of a vacuum manifold can also exist. Sometimes nontopological solitons can be stabilized by fermions (see, for example, [1] - [3] ) or bosons (see, for example, [4] - [5] ) that interact with or become trapped within the solitons. However, presently we focus attention on a peculiar and interesting nontopological soliton [6] that arises in dilaton-Maxwell theory, without any interactions with fermions or other scalar bosons, and attempt to determine the stability of the soliton.
We consider here the form of dilatonMaxwell theory in a flat spacetime (g µν = η µν ) described by an action [6] 
whereκ is an arbitrary real constant with dimension of inverse mass, so thatκφ is dimensionless, and F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor. (We use a metric with negative signature (+, −, −, −).) We have
The equations of motion following from (1), along with the Bianchi identity, are
ǫ µνρσ F ρσ is the dual electromagnetic field tensor. The equations of (3b) can be rewritten in terms of electric and magnetic fields as
with D = ǫE and B = µH. Here the effective dielectric function ǫ and effective permeability function µ are given by
so that the index of refraction is unity. Let us rewrite the equation of motion (3a) for the real scalar field φ in the form
Gibbons and Wells [6] have found a couple of interesting nontopological solitonic solutions to these equations of motion, one describing a type of cosmic string which confines magnetic field B and magnetic flux Φ mag in its core, and another wall-like solution which also confines the magnetic field B and magnetic flux within its core. Here we focus upon the solitonic Gibbons-Wells wall solution to (4) and (6) , which is easier to study, and consider its stability against decay.
STATIC DOMAIN WALL ANSATZ SOLUTION
Gibbons and Wells discovered an interesting magnetic wall solution to (4) and (6) using an ansatz where E = D = 0 and H = (0, 0, H) = const. and B = (0, 0, B) = µH. Furthermore, it is assumed that the scalar field φ takes the form φ = Φ(x, y). The equation of motion for Φ is then given by
This is recognized as the 2D Euclidean Liouville equation whose solution is given by [6] , [7] , [8] 
where ζ = x + iy and f (ζ) is a holomorphic function of ζ. For the static wall ansatz solution, f (ζ) is chosen to take the form f (ζ) = exp(Mζ). Then (8) yields the solution
The parameter M has dimension of mass so that the coordinatex = Mx is dimensionless, as is the factor (M/κH). Note that this ansatz solution depends only on x, and not on y.
Using (1) along with the ansatz, we write the lagrangian of this ansatz system as
and identify the scalar potential as
. We see that µ(x) → 0 and B(x) → 0 as |x| → ∞ for the wall solution of (9) . The magnetic B field is described by B(x) = µ(x)H ∝ sech 2 (Mx) and the magnetic flux per unit length of the wall is
STABILITY
We now consider the stability of the Gibbons-Wells magnetic wall solution of (9) in response to small fluctuations of the scalar field φ (and therefore fluctuations in B) about its ansatz value Φ(x). In particular, we want to investigate the possibility of any uncontrolled growth or decay of the ansatz solution. We write φ(x, y, z, t) = Φ(x) + δφ(x, y, z, t) and insert this into the equation of motion (6) while maintaining D = 0 and B → B ′ (x, y, z, t) = µ ′ (x, y, z, t)H with H = (0, 0, H) = const and µ ′ = exp(Φ(x) + δφ). Keeping only terms linear in δφ and using (7) we have
where we have used (e 2κδφ − 1) = 2κδφ. The time dependence of δφ is taken to be given by δφ(x, y, z, t) = Ψ(x, y, z) sin ωt and solutions of (12) with ω 2 < 0 will signal an instability of the solution Φ(x), while solutions with ω 2 ≥ 0 signal stability against dissipation. We therefore arrive at the equation for Ψ(x) given by
It is convenient to define the dimensionless variablesx µ = Mx µ = (t,x,ȳ,z) andω = ω/M and rewrite (13) as
where∇ 2 is the Laplacian in terms of coordinatesx,ȳ, andz.
We next perform a separation of variables by writing Ψ(x) = ψ(x)f (ȳ)g(z) so that (14) leads to
we have a solution of the form Ψ(x,ȳ,z) ∼ ψ(x) sin(k yȳ + δ y ) sin(k zz + δ z ) wherek 2 y +k 2 z must be real valued. Now (15) reduces to
We now appeal to the Maxwell equations of (4) with E = D = 0 with replacements
with µ given by (9) . In order to satisfy the Maxwell equations we require ∇ · B ′ = 0 andḂ ′ = 0, which, in turn, imply that ∂ z µ ′ = ∂ z δφ = 0 and ∂ t µ ′ = ∂ t δφ = 0, requiring the conditionsk z = 0 and ω = 0. The result ω = 0 signals an absence of instability of the ansatz solution, but we must check that Ψ(x) satisfies our consistency condition that δφ remains small for all x. Equation (17) has now reduced to
(19) Since ψ(x) and U(x) are real we requirek 2 y to be real. In order that f (y) be continuous and asymptotically finite, we further require thatk y be real. Then we have −k 
A comparison of (16) and (20) requires the setting λ = 1. The solution to (19) for λ = 1 is the bound state with "energy" E = −1/2 i.e.,k y = ±1, and ψ(x) = Asech(x) with A being a real constant. We therefore have a solution for δφ which can be kept small for all x and has ω = 0, satisfying the conditions for stability of the ansatz solution Φ(x) with respect to small fluctuations in the scalar field φ and magnetic field B. In addition to the static solution δφ(x, y), there also exists a class of generalized magnetic wall solutions which can support arbitrarily large, nondissipating traveling waves [9] having the form φ(x) → φ(X), where X = x − f (t ± z) with f = 0 and ∂ µ f ∂ µ f = 0. (These types of "wiggly" solutions are also supported by topological domain walls and cosmic strings [10] .)
In addition, we expect the wall to be stable against bending and spontaneous bubble formation. Our reasoning is that the lagrangian for the field φ is L = to the result that a small fluctuation δφ will be static (ω = 0) and localized, and therefore the ansatz solutions Φ(x) and B(x) for the Gibbons-Wells wall are stable against decay or uncontrolled growth. Furthermore, the symmetry of Φ(x) and B(x), and therefore the symmetry of the energy density T 00 (x), indicates a stability against bending, since there is no biasing in the energy density.
